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We formulate a continuum model to study the low-energy electronic structure of heterostructures
formed by graphene on a strong three-dimensional topological insulator (TI) for the case of both
commensurate and incommensurate stacking. The incommensurability can be due to a twist angle
between graphene and the TI surface or a lattice mismatch between the two systems. We find that
the proximity of the TI induces in graphene a strong enhancement of the spin-orbit coupling that
can be tuned via the twist angle.
The surfaces of strong three-dimensional (3D) topo-
logical insulators (TIs) [1] and graphene [2, 3] have very
similar low-energy electronic structures: the conduction
and valence bands touch at isolated points, the Dirac
points (DPs), and around these points the fermionic ex-
citations are well described as massless two-dimensional
(2D) chiral Dirac fermions for which the phase of a two-
state quantum degree of freedom is locked with the mo-
mentum direction. However, there are also qualitative
differences: (i) in graphene the chirality is associated
with the sublattice degree of freedom whereas in a TI
surface (TIS) it is associated with the electron spin; (ii)
in graphene the number of DPs is even whereas in a TIS
it is odd ; (iii) in TIs the electron-phonon scattering is
much stronger than that in graphene. Therefore, the
transport properties of graphene [4] and TIs are different
in significant aspects: in graphene, because the intrinsic
spin-orbit (SO) coupling is negligible [5–8], no quantum
spin Hall effect is expected, contrary to the case in a
TI; graphene has the highest room-temperature mobil-
ity, whereas TIs have very low mobilities. These facts,
together with the recent experimental progress [9], moti-
vated us to study graphene-TI heterostructures, in which
the proximity to a TI is expected to enhance the SO cou-
pling of graphene and create a novel 2D system with non-
trivial spin textures and high, room-temperature, elec-
tron mobility. This approach to enhance the SO coupling
in graphene appears to be more practical than previously
proposed approaches [10] that rely on doping graphene
with heavy adatoms.
In this work, we study the low-energy electronic struc-
ture of heterostructures formed by one sheet of graphene
placed on the conducting surface of a 3D TI. Our re-
sults show that not only can the proximity of a TIS en-
hance the SO coupling in graphene and bilayer graphene
(BLG), but also that this enhancement can be controlled
via the relative rotation, the twist angle, between the
graphene lattice and the TI’s lattice. The presence of a
relative rotation, in general, induces an incommensurate
stacking of the graphene and the substrate [11] [12–36].
As a consequence we develop and present a theory that
is able to take into account the incommensurability be-
tween graphene and the TIS. This cannot be achieved via
standard approaches, such as density functional theory
[37], and tight-binding models, due to the computational
cost of these approaches for incommensurate structures.
A continuous model, on the other hand, can effectively
treat heterostructures with incommensurate stacking. To
develop the theory for incommensurate structures, how-
ever, we need a continuous model for the commensurate
limit. We present such a model and then, starting from
it, the model able to treat incommensurate graphene-TI
structures. Our results show that in graphene-TI het-
erostructures the proximity effect induces a strong en-
hancement of the SO coupling in graphene, nontrivial
spin and pseudospin textures on the bands, and that all
these effects can be tuned to great extent via the rela-
tive rotation between graphene and the TI. Moreover, we
present results for the case in which tunneling processes
with finite momentum transfer are present.
We consider the TI material to be a tetradymite such
as Bi2Se3, Bi2Te3, and Sb2Te3. In these compounds
the surface states are found on the 111 surface. The
projected surface Brillouin zone (BZ) is hexagonal with
a single DP at the zone center [38]. Let a2 be the
effective lattice constant that corresponds to the surface
BZ and a1 = 2.46Å the graphene lattice constant. We
have a2/(
√
3a1) = 1 + δ with δ < 1% for Sb2Te3 and
δ ≈ −3% (δ ≈ +3% ) for Bi2Se3 (Bi2Te3). Thus, the
study of the commensurate
√
3 × √3 stacking pattern
is expected to be a good approximation for graphene-
Sb2Te3 heterostructure and for developing the theory for
incommensurate structures. The Hamiltonian describing
the electronic degrees of freedom of the heterostructure
can be written as H = Hg + HTIS + Ht, where Hg
is the Hamiltonian for an isolated sheet of graphene,
HTIS is the Hamiltonian for the TIS, and Ht describes
tunneling processes between graphene and the TIS.
The long wavelength physics of graphene is described
by a pair of 2D massless Dirac Hamiltonians: Hg ,K =∑
p,σ,ττ ′ c
†
K+p,τ,σ (~v1τ · p− µ1)ττ ′ cK+p,τ ′,σ and
Hg,K
′
=
∑
p,σ,ττ ′ c
†
K′+p,τ,σ (~v1τ ∗ · p− µ1)ττ ′ cK′+p,τ ′,σ,
where c†K+p,τ,σ (cK+p,τ,σ) creates (annihilates) a Dirac
fermion on sublattice τ (A,B) with spin σ (↑, ↓) at a
Dirac wave vector p measured from one of the two
inequivalent BZ corners (K and K ′ valley) located at
wave vectors K and K′ (|p|  |K|), τ = ( τx, τy )
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2are Pauli matrices acting on the sublattice space,
v1 ≈ 106m/s is the Fermi velocity, and µ1 is the chemical
potential. The TIS states near its Dirac point can be
described by an effective 2D continuum model [38, 39]:
HTIS =
∑
k,σσ′ a
†
k,σ [~v2 (σ × k) · zˆ− µ2]σσ′ ak,σ′ , where
a†k,σ (ak,σ) creates (annihilates) a surface massless Dirac
fermion with spin σ at wave vector k measured from
the zone center (Γ-point), σ =
(
σx, σy
)
are Pauli
matrices acting on spin space, zˆ is the unit vector along
the z direction, and µ2 is the chemical potential. In
Bi2Se3, Bi2Te3, and Sb2Te3, the Fermi velocity v2 is
roughly half of that in graphene; hence, in the remainder
we assume v2 = v1/2. In our model we neglect the
hexagonal warping of the TIS bands due to higher-order
terms in k in HTIS [40]. The reason is that such
effects are non-negligible only at relative high energies
& 200 meV away from the TI’s DP [40, 41] and we are
only interested in the energy range close to the TI’s DP.
We also neglect effects due to the TI’s bulk states [42]
for two reasons: (i) in current experiments the effect of
the bulk states can be strongly suppressed via chemical
and field effect doping [41, 43–45], and by using TI’s
thin films [46, 47]; (ii) the most interesting situation
arises when the bulk states can be neglected: in this
case the properties of the systems are dominated not
by the TI’s bulk states but by the states resulting from
the hybridization of the graphene and the TI’s surface
states. The form of Ht depends on the stacking pattern
and the interface properties as we show below.
We first consider the graphene-TI heterostructure in a√
3×√3 commensurate stacking, in which each TIS atom
is directly underneath a carbon atom. The strongest tun-
neling is expected to occur between the directly stacked
atoms, among which all the carbon atoms can be shown
to belong to one sublattice (e.g., sublattice A). As a re-
sult of the periodic tunneling potential, in the BZ of
the heterostructure the original graphene BZ is folded
such that the two valleys are both located at the zone
center overlapping with the TIS DP, Fig. 1 (a), (b). In
this case the tunneling Hamiltonian can be written as
Ht =
∑
k,λ,τ,σ tτa
†
k,σcλ,k,τ,σ + h.c., where λ = K,K
′
and the tunneling matrix elements tA = t, tB = 0 are
assumed to be spin and momentum independent. The
Hamiltonian for such a structure takes the form
Hˆk =
 Hˆ
g,K
k 0 Tˆ
†
0 Hˆg,K
′
k Tˆ
†
Tˆ Tˆ HˆTISk
 , Tˆ = ( t 0 0 00 0 t 0
)
,
(1)
where the graphene blocks are 4×4 matrices in sublattice
and spin space whereas the TIS block is a 2 × 2 matrix
in spin space.
Insights can be achieved using a perturbative approach
[48]. In this approach the effect of tunneling processes
on the graphene spectrum is captured by the self-energy
Σˆk(iωn) = Vˆ
†Gˆ0k(iωn)Vˆ , where Gˆ
0
k(iωn) is the Green’s
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where c†K+p,τ,σ (cK+p,τ,σ) creates (annihilates) a Dirac
fermion on subl ttice τ (A,B) with spin σ (↑, ↓) at a
Dirac wave vector p measured from one of the two
inequivalent BZ corners (K- and K ￿-valley) located at
wave vectors K and K￿ (|p| ￿ |K|), τ = ￿ τx, τy ￿
are Pauli matrices acting on the sublattice space,
v1 ≈ 106m/s is the Fermi velocity, and µ1 is the chemical
potential. The TIS states near its Dirac point can be
described by an effective 2D continuum model [37, 38]:
HTIS =
￿
k,σσ￿ a
†
k,σ [￿v2 (σ × k) · zˆ− µ2]σσ￿ ak,σ￿ , where
a†k,σ (ak,σ) creates (annihilates) a surface massless Dirac
fermion with spin σ at wave vector k measured from
the zone center (Γ-poi t), σ =
￿
σx, σy
￿
are Pauli
matrices acting on spin space, zˆ is the unit vector along
the z direction, and µ2 is the chemical potential. In
Bi2Se3, Bi2Te3, and Sb2Te3, the Fermi velocity v2 is
roughly half of that in graphene, hence in the remainder
we assume v2 = v1/2. In our model we neglect the
hexagonal warping of the TIS bands due to higher
order terms in k in HTIS [39]. The reason is that such
effects are non-negligible only at relative high energies
￿ 200 meV away from the TI’s DP [40, 41] and we are
only interested in the energy range close to the TI’s
DP. We also neglect effects due the TI’s bulk states [42]
for two reasons: (i) in current experiments the effect of
the bulk states can be strongly suppressed via chemic l
and field effect doping [40, 43–45], nd by u ing TI’s
thin films [46, 47]; (ii) the most interesting situation
arises when the bulk states can be neglected: in this
case the properties of the systems are dominated not
by the TI’s bulk states but by the states resulting from
the hybridization of the gr phene and the TI’s surface
states. The form of Ht depends on the stacking pattern
and the interface properties as we show below.
We first consider the graphene-TI heterostructure in a√
3×√3 commensurate stacking, in which each TIS atom
is directly underneath a carbon atom. The strongest tun-
neling is expected to occur between the directly stacked
atoms, among which all the carbon atoms can be shown
to belong to one sublattice (e.g., sublattice A). As a
result of the periodic tunneling potential, in the BZ of
heterostructure the original graphene BZ is folded such
that the two valleys are both located at the zone cen-
ter overlapping with the TIS DP, Fig. 1 (a), (b). In
this case the tunneli g Hamiltonia can be written as
Ht =
￿
k,λ,τ,σ tτa
†
k,σcλ,k,τ,σ + h.c., where λ = K,K
￿
and the tunneling matrix elements tA = t, tB = 0 are
assumed to be spin and momentum independent. The
Hamiltonian for such a structure takes the form
Hˆk =
 Hˆ
g,K
k 0 Tˆ
†
0 Hˆg,K
￿
k Tˆ
†
Tˆ Tˆ HˆTISk
 , Tˆ = ￿ t 0 0 00 0 t 0
￿
,
(1)
where the graphene blocks are 4×4 matrices in sublattice
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Figure 1. (Color online) (a) Schematics of the
√
3 × √3
stacked graphene BZ (dark) and TIS BZ (light) in the re-
peated zone scheme without tunneling. (b) Folded BZ after
turning on tunneling. (c) Renormalized bands of SLG-TIS.
Here k0 ≡ 830meV/(￿v2). (d) The spin texture on the bands
at E = 80meV. The arrows indicate spin directions. (e)
Renormalized bands of BLG-TIS. Define∆R as shown to char-
acterize the Rashba-type splitting. (f) ∆R in SLG-TIS and
BLG-TIS as a function of t.
and spin space whereas the TIS block is a 2 × 2 matrix
in spin space.
Insights can be achieved using a perturbative approach
[48]. In this approach the effect of tunneling processes
on the graphene spectrum is captured by the self-energy
Σˆk(iωn) = Vˆ
†Gˆ0k(iωn)Vˆ , where Gˆ
0
k(iωn) is the Green’s
function of the TIS and Vˆ is the tunneling vertex. In
the basis formed by the eigenstates of the Hamiltonian
of isolated graphene, Φλ,k,α,σ, where α = ± refer to the
4-fold degenerate upper and lower bands we obtain
Σˆk(iωn) =
￿
ΣSk(iωn) e
−i(θk−π2 )ΣAk (iωn)
ei(θk−
π
2 )ΣAk (iωn) Σ
S
k(iωn)
￿
⊗ (Iα + σxα)⊗ (Iλ + σxλ) , (2)
where ΣS/Ak (iωn) =
￿
t2/2
￿
G
S/A
k (iωn) with G
S/A
k (iωn) =
[1/ (iωn − ￿v2k + µ2)± 1/ (iωn + ￿v2k + µ2)] /2, and
the first 2 × 2 matrix acts in the spin space, (Iα + σxα)
acts in the band space, and (Iλ + σxλ) in the valley space.
I is the 2 × 2 identity matrix and θk = arctan(ky/kx).
The appearance of non-zero off-diagonal spin compo-
nents with phase factor
￿
θk − π2
￿
in the self-energy
indicates an induced helical spin texture on some
of the graphene bands. The renormalized graphene
bands in the perturbative approach coincide with those
obtaind by direct diagonalization. Figure 1(c) shows the
band structure of a graphene-TI heterostructure with
t = 45meV and µ1 = µ2 = 0. We see that the fourfold
degeneracy of the original graphene bands is partially
2
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the z direction, and µ2 is the chemical potential. In
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we assume v2 = v1/2. In our model we neglect the
hexagonal w rping of the TIS bands due to higher
order terms in k in HTIS [39]. The reason is that such
effects are non-negligible only at relative hig energies
￿ 200 meV away from the TI’s DP [40, 41] and we are
only interested in the energy range close to the TI’s
DP. We also neglect effects due the TI’s bulk states [42]
for two reasons: (i) in current experiments the effect of
the bulk states can be strongly suppressed via chemical
and field effect doping [40, 43–45], and by using TI’s
thin films [46, 47]; (ii) the most interesting situation
arises when the bulk states can be neglected: in this
case the properties of the systems are dominated not
by the TI’s bulk states but the states resulting from
the hybridization of the graphene and the TI’s surface
states. The form of Ht depends on the stacking pattern
and he inte face properties as we show below.
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is directly underneath a carbon atom. The strongest tun-
neling is expected to occur between the directly stacked
atoms, among which all the carbon atoms can be shown
to belong to one sublattice (e.g., sublattice A). As a
result of the periodic tunn ling potential, in the BZ of
heterostructure the original graphene BZ is folded such
that the two valleys are both located at the zone cen-
ter overlapping with the TIS DP, Fig. 1 (a), (b). In
this case the tunneling Hamiltonian can be written as
Ht =
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k,λ,τ,σ tτa
†
k,σcλ,k,τ,σ + h.c., where λ = K,K
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and the tu neling matrix elements tA = t, tB = 0 are
assumed to be spin and momentum independent. The
Hamiltonian for such a structure takes the form
Hˆk =
 Hˆ
g,K
k 0 Tˆ
†
0 Hˆg,K
￿
k Tˆ
†
Tˆ Tˆ HˆTISk
 , Tˆ = ￿ t 0 0 00 0 t 0
￿
,
(1)
where the graphene blocks are 4×4 matrices in sublattice


 
Figure 1. (Color online) (a) Schematics of the
√
3 × √3
stacked graphene BZ (dark) and TIS BZ (light) in the re-
peated zone scheme without tunneling. (b) Folded BZ after
turning on tunneling. (c) Renormalized bands of SLG-TIS.
Here k0 ≡ 830meV/(￿v2). (d) The spin texture on the bands
at E = 80meV. The arrows indicate spin directions. (e)
Renormalized bands of BLG-TIS. Define∆R as shown to char-
acterize the Rashba-type splitting. (f) ∆R in SLG-TIS and
BLG-TIS as a function of t.
and spin space whereas the TIS block is a 2 × 2 matrix
in spin space.
Insights can be achieved using a perturbative approach
[48] In this approach the effect of tunneling proces es
on the graphene spectrum is captured by the self-energy
Σˆk(iωn) = Vˆ
†Gˆ0k(iωn)Vˆ , where Gˆ
0
k(iωn) is the Green’s
function of the TIS and Vˆ is the tunneling vertex. In
the basis formed by the eigenstates of the Hamiltonian
of isolated graphene, Φλ,k,α,σ, where α = ± refer to the
4-fold degenerate upper and lower bands we obtain
Σˆk(iωn) =
￿
ΣSk(iωn) e
−i(θk−π2 )ΣAk (iωn)
ei(θk−
π
2 )ΣAk (iωn) Σ
S
k(iωn)
￿
⊗ (Iα + σxα)⊗ (Iλ + σxλ) , (2)
where ΣS/Ak (iωn) =
￿
t2/2
￿
G
S/A
k (iωn) with G
S/A
k (iωn) =
[1/ (iωn − ￿v2k + µ2)± 1/ (iωn + ￿v2k + µ2)] /2, and
the first 2 × 2 matrix acts in the spin space, (Iα + σxα)
acts in the band space, and (Iλ + σxλ) in the valley space.
I is the 2 × 2 identity matrix and θk = arctan(ky/kx).
The appearance of non-zero off-diagonal spin compo-
nents with phase factor
￿
θk − π2
￿
in the self-energy
indicates an induced helical spin texture on some
of the graphene bands. The renormalized graphene
bands in the perturbative approach coincide with those
obtaind by direct diagonalization. Figure 1(c) shows the
band structure of a graphene-TI heterostructure with
t = 45meV and µ1 = µ2 = 0. We see that the fourfold
degeneracy of the original graphene bands is partially
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where c†K+p,τ,σ (cK+p,τ,σ) creates (annihilates) a Dirac
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Dirac wave vector p measured from one of the two
inequivalent BZ corners (K- and K ￿-valley) located at
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the bulk states can be strongly suppressed via chemical
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by the TI’s bulk states but by the state resulting from
the hybridization of the graphene and the TI’s surface
states. The form of Ht epends on the stacking pattern
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σx, σy
￿
are Pauli
mat i es cting on spin space, zˆ is the unit vector along
the z direct on, and µ2 is the chemical potential. In
Bi Se3, Bi2Te3, and Sb2Te3, the Fermi vel city v2 is
roughly half of that in graph n , hence in the remainder
we assume v2 = v1/2. In our mo el we n glect the
hexagonal warping of the TIS bands due t higher
orde terms in k in HTIS [39]. The reason is that such
effects are on-negligible only at relative high energies
￿ 200 meV away from the TI’s DP [40, 41] and we are
only interested in the nergy range close to the TI’s
DP. We also neglect effects due the TI’s bulk states [42]
for two reasons: (i) in current xperiments t e effect of
the bulk states can be strongly s press d via chemical
and fi ld effect doping [40, 43–45], and by using TI’
thin films [46, 47]; (ii) the most interesting situation
arises w en the bulk states can be neglected: in this
case the properties of the systems are dominated not
by the TI’s bulk states but by the states resulting from
the hybridization of the graphene and the TI’s surface
states. The for of Ht depends on the stacking pattern
and t e interface p operties as we show below
We first consider the graphene-TI heterostructure in a√
3×√3 commensurate stacking, in which eac TIS atom
is directly underneath a carbon atom. The strongest tun-
neling is expected to occur between the directly stacked
atoms, among which all the carbon atoms can be shown
to belong to one sublattice (e.g., sublattice A). As a
result of the periodic tunneling poten ial, in the BZ of
heterostructure the original gr phene BZ is folded such
that the two valleys are both located at the zone cen-
ter overlapping with th TIS DP, Fig. 1 (a), (b). In
this case the tunneling Hamilto ia can b writte as
Ht =
￿
k,λ,τ,σ tτa
†
k,σcλ,k,τ,σ + h.c., where λ = K,K
￿
and the tunneling matrix elements tA = t, tB = 0 are
a sumed to be spin and moment m independent. The
Hamiltonian for such a structure takes the form
Hˆk =
 Hˆ
g,K
k 0 Tˆ
†
0 Hˆg,K
￿
k Tˆ
†
Tˆ Tˆ HˆTISk
 , Tˆ = ￿ t 0 0 00 0 t 0
￿
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where the graphene blocks are 4×4 matrices in sublattice
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Figure 1. (Color online) (a) Schematics of the
√
3 × √3
stacked graphene BZ (dark) and TIS BZ (light) in the re-
peated zone scheme without tunneling. (b) Folded BZ after
turning on tunneling. (c) Renormalized bands of SLG-TIS.
Here k0 ≡ 830meV/(￿v2). (d) The spin texture on the bands
a E = 80meV. The arrows indicate spin directions. (e)
Renormalized bands of BLG-TIS. Define∆R as shown to char-
acterize the Rashba-type splitting. (f) ∆R in SLG-TIS and
BLG-TIS as a function of t.
and spin space whereas the TIS block is a 2 × 2 matrix
in spin space.
Insights can be achieved using a perturbative approach
[48]. In this approach the effect of tunneling processes
on the graphene spectrum is captured by the self-energy
Σˆk(iωn) = Vˆ
†Gˆ0k(iωn)Vˆ , where Gˆ
0
k(iωn) is the Green’s
function of the TIS and Vˆ is the tunneling vertex. In
the basis formed by the eigenstates of the Hamiltonian
of isolated graphene, Φλ,k,α,σ, where α = ± refer to the
4-fold degenerate upper and lower bands we obtain
Σˆk(iωn) =
￿
ΣSk(iωn) e
−i(θk−π2 )ΣAk (iωn)
ei(θk−
π
2 )ΣAk (iωn) Σ
S
k(iωn)
￿
⊗ (Iα + σxα)⊗ (Iλ + σxλ) , (2)
where ΣS/Ak (iωn) =
￿
t2/2
￿
G
S/A
k (iωn) with G
S/A
k (iωn) =
[1/ (iωn − ￿v2k + µ2)± 1/ (iωn + ￿v2k + µ2)] /2, and
the first 2 × 2 matrix acts in the spin space, (Iα + σxα)
acts in the band s ace, and (Iλ + σxλ) in the valley space.
I is the 2 × 2 identity matrix and θk = arctan(ky/kx).
The appearance of non-zero off-diagonal spin compo-
nents with phase factor
￿
θk − π2
￿
in the self-energy
indicates an induced helical spin texture on some
of the graphene bands. The renormalized graphene
bands in the perturbative approach coincide with those
obtaind by direct diagonalization. Figure 1(c) shows the
band structure of a graphene-TI heterostructure with
t = 45meV and µ1 = µ2 = 0. We see that the fourfold
degeneracy of the original graphene bands is partially
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states. T form of Ht depen s on the stacking pattern
and the interface properties as we show below.
We first consider the graphene-TI heterostructure in a√
3×√3 commensurate stacking, in which each TIS atom
is directly underneath a c rbon atom. The strongest tun-
neling is expected to occur between the directly stacked
atoms, among which all the carbon atoms can be shown
to belong to one sublattice (e.g., sublattice A). As a
result of the periodic tu neling potential, in the BZ of
heterostructure the original graphene BZ is folded such
that the two valleys are both located a the zone cen-
ter overlapping with the TIS DP, Fig. 1 (a), (b). In
this case the tunneling Hamiltonian can be written as
Ht =
￿
k,λ,τ,σ tτa
†
k,σcλ,k,τ,σ + h.c., where λ = K,K
￿
and the tunneling matrix elements tA = t, tB = 0 are
assumed to be spin and momentum independent. The
Hamiltonian for such a structure takes the form
Hˆk =
 Hˆ
g,K
k 0 Tˆ
†
0 Hˆg,K
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Figure 1. (Col r onl ne) Sch matics of he
√
3 × √3
stacked graphene BZ (dark) nd TIS BZ (ligh ) in the re-
peated zone scheme without tunneling. (b) Folded BZ after
turning on tu neling. (c) Ren rmalized bands of SL -TIS.
Here k0 ≡ 830meV/(￿v2). (d) The spin texture on the bands
at E = 80meV. The arrows indicate spin directions. ( )
Renormalized bands of BLG-TIS. Define∆R as shown to char-
ac erize the Rashba-type split ing. (f) ∆R in SLG-TIS and
BLG-TIS as a function of t.
and spin space whereas the TIS block is a 2 × 2 matrix
in spin space.
Insig ts can be achieved using a perturbative approach
[48]. In this approach the effect of tunneling processes
on the graphene spectrum is captured by the self-energy
Σˆk(iωn) = Vˆ
†Gˆ0k(iωn)Vˆ , where Gˆ
0
k(iωn) is the Green’s
fu c ion of the TIS and Vˆ is the tunneli g vertex. In
the basis formed by he eigenstates of the Hamiltonian
of isolated graphene, Φλ,k,α,σ, where α = ± refer to the
4-fold degenerate upper and lower bands we obtain
Σˆk(iωn) =
￿
ΣSk(iωn) e
−i(θk−π2 )ΣAk (iωn)
ei(θk−
π
2 )ΣAk (iωn) Σ
S
k(iωn)
￿
⊗ (Iα + σxα)⊗ (Iλ + σxλ) , (2)
where ΣS/Ak (iωn) =
￿
t2/2
￿
G
S/A
k (iωn) with G
S/A
k (iωn) =
[1/ (iωn − ￿v2k + µ2)± 1/ (iωn + ￿v2k + µ2)] /2, and
the first 2 × 2 matrix acts in the spin space, (Iα + σxα)
acts in the band space, and (Iλ + σxλ) in the valley space.
I is the 2 × 2 identity matrix and θk = arctan(ky/kx).
The appearance of non-zero off-diagonal spin compo-
nents with phase factor
￿
θk − π2
￿
in the self-energy
indicates an induced helical spin texture on some
of the graphene bands. The renormalized graphene
bands in the perturbative approach coincide with those
ob aind by irect diagonalization. Figure 1(c) shows the
band structure of a graphene-TI heterostructure with
t = 45meV and µ1 = µ2 = 0. We see that the fourfold
degeneracy of the original graphene bands is partially
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this case the tunneling Hamiltonian can be written as
Ht =
￿
k,λ,τ,σ tτa
†
k,σcλ,k,τ,σ + .c., where λ = K,K
￿
and the tunneling ma r x elements tA = t, tB = 0 are
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Hamiltonian for such a structure takes the form
Hˆk =
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Figure 1. (Color o line) (a) Schematics of the
√
3 × √3
stacked graphene BZ (dark) a d TIS BZ (light) in the re-
peated zone sch me wi hout t n eling. (b) Folded BZ after
turni g n t n ling. (c) Re ormalized bands of SLG-TIS.
Here k0 ≡ 830meV/(￿v2). (d) The pin texture on the bands
at E = 80meV. The r ows indic te spin directi ns. (e)
Renormalized bands of BLG-TIS. Define∆R as shown to char-
ac erize he Rashba-type splitting. (f) ∆R in SLG-TIS and
BLG-TIS as a function of t.
and spin space whereas the TIS bl ck is a 2 × 2 matrix
in spin space.
Insig ts can be achieved using a perturbative approach
[48]. I this pproach the effect of nn ling processes
on the graphene spectrum is captured by the self-energy
Σˆk(iωn) = Vˆ
†Gˆ0k(iωn)Vˆ , where Gˆ
0
k(iωn) is the Green’s
fu ction of the TIS and Vˆ is the tunneling vertex. In
the basis formed by the eigenstate of the Hamiltonian
of isolated graphene, Φλ,k,α,σ, wh re α = ± refer to the
4-fold degenerate upper and lower bands we o tain
Σˆk(iωn) =
￿
ΣSk(iωn) e
−i(θk−π2 )ΣAk (iωn)
ei(θk−
π
2 )ΣAk (iωn) Σ
S
k(iωn)
￿
⊗ (Iα + σxα)⊗ (Iλ + σxλ) , (2)
where ΣS/Ak (iωn) =
￿
t2/2
￿
G
S/A
k (iωn) with G
S/A
k (iωn) =
[1/ (iωn − ￿v2k + µ2)± 1/ (iωn + ￿v2k + µ2)] /2, and
the first 2 × 2 matrix acts in the spin space, (Iα + σxα)
acts in the band space, and (Iλ + σxλ) in the valley space.
I is the 2 × 2 identity matrix and θk = arctan(ky/kx).
The appear nce of non-zero off-diagonal spin compo-
nents with phase f ctor
￿
θk − π2
￿
in the self-ene gy
indicates an induced helical spin texture on some
of the graphene bands. The renormalized graphene
bands in the perturbative approach coincide with those
obtaind by direct diagonalization. Figure 1(c) shows the
band structure of a graphene-TI heterostructure with
t = 45meV and µ1 = µ2 = 0. We see that the fourfold
degeneracy of the original graphene bands is partially
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Figure 1. (Color online ( ) Schematics of the
√
3×√3 stacked
graphene BZ (red or dark) and TIS BZ (green or light) in the
repeated zone scheme wit t tun eling. (b) Folded BZ after
tur i g on tunn li . (c) Re ormalized ba ds of SLG-TIS
for µ1 = µ2 = 0. Here k0 ≡ 830meV/(~v2). (d) Spin tex-
ture n the bands t E = 80meV. The arrows indicate spin
directions. (e) Texture of the in-plane component of the pseu-
dospin t E = 80meV, (f) shows the full pseudospin orie ta-
tion on the three Fermi surfaces closest to the Γ¯ point. (g)
Renormalized ba ds f BLG-TIS. (h) Renormalized bands of
SLG-TIS for µ1 = 0, µ2 = 100 meV. (i) Rashba-like splitting
∆R i SLG-TIS and BLG-TIS as a function of t.
.
function of the TIS and Vˆ is the tu eling v rtex. In
the basis formed by t e eigenstat s he Hamiltonian
of isolated graphene, Φλ,k,α,σ, where α = ± refer to the
fourfold degene te up r and lo e bands we obtain
Σˆk(iωn) =
(
ΣSk(iωn) e
−i(θk−pi2 )ΣAk (iω )
ei(θk−
pi
2 )ΣAk (iωn) Σ
S
k(iωn)
)
⊗ (Iα + σxα)⊗ (Iλ + σxλ) , (2)
where ΣS/Ak (iωn) =
(
t2/2
)
G
S/A
k (iωn) with i
[1/ − ~v2k + µ2)± 1/ (iωn + ~v2 + µ2)] /2, and
the first 2 × 2 matrix acts in the spin space, (Iα + σxα)
acts in the band space, and (Iλ + σxλ) in the valley space.
I is the 2 × 2 identity matrix and θk = arctan(ky/kx).
The appearance of nonzero off-diagonal spin components
with phase factor
(
θk − pi2
)
in the self-energy indicates
an induced helical spin texture on some of the graphene
band . The renormalized graphene bands in the pertur-
bative approach coincide with those obtained b direct
diagonalization. Figure 1(c) shows th band st ucture
of a graphene-TI heterostructure with = 45meV and
3µ1 = µ2 = 0. We see that the fourfold degeneracy
of the original graphene bands is partially lifted. In
our model the eigenstates of the hybridized bands can
be calculated explicitly. This allows us to: (i) obtain
directly both the spin and pseudospin configuration on
all the renormalized bands, Fig. 1 (d)-(f); (ii) show
that, as expected from the form of the self-energy, on
the two gapped bands (forming the two smaller Fermi
surfaces) the in-plane spin is locked perpendicular to
the momentum and winds around the Γ point either
clockwise or counterclockwise, analogous to a system
with Rashba-type SO coupling, Fig. 1 (d); (iii) show that
the spin helicity of the hybridized bands can be different
(opposite) to the helicity of the original TI’s band,
Fig. 1 (d); (iv) show that the two degenerate bands,
seemingly equal to the original graphene (or BLG)
bands, are in reality antisymmetric combinations of the
states of isolated graphene (or BLG) at opposite val-
leys: 1√
2
(ΦK,α,↑ − ΦK′,α,↑) and 1√2 (ΦK,α,↓ − ΦK′,α,↓),
α = ±; and (v) show that the two degenerate bands
have a unique pseudospin structure, very different from
the pseudospin structure of both the original K and
K ′ valleys, which we expect would affect transport
measurements, Fig. 1 (e), (f). In addition, our model
is easily generalized to the case of BLG. The results of
Fig. 1 (g) show the bands of a BLG-TI heterostructure
and reveal that the enhancement, due to the proximity
effect, of the SO coupling in BLG is much larger than
in single layer graphene (SLG), Fig. 1 (i). This is due
mostly to the fact that, at low energies, BLG has a much
higher density of states (DOS) than SLG. Finally, we
consider the effect of a difference δµ = µ2 − µ1 between
the TI’s and graphene chemical potential. By varying
δµ the value of k for which the pristine bands of the
TI and graphene cross, and for which the hybridization
is stronger, can be tuned. Figure 1 (h) shows the case
for which µ2 = 100 meV and µ1 = 0. We see that in
this case the induced Rashba splitting is stronger than
when µ2 = µ2 = 0. This is due to the fact that the DOS
increases as we move away from the DP.
We now consider incommensurate structures. The tun-
neling matrix elements can be written as:
Tτ (k2,k1) =
∑
G1,G2
t(k1 +G1)√
3Ω1
eiG1·dτ δk2+G2,k1+G1
(3)
where the crystal momentum is conserved by the tun-
neling process in which a graphene quasiparticle of wave
vector k1 residing on sublattice τ hops to a TIS state
with wave vector k2. Ω1 is the graphene unit cell
area and dA = 0, dB =
( −a0, 0 ) are the positions
of the two carbon atoms in a unit cell with carbon-
carbon distance a0. {G1}, {G2} are the reciprocal lat-
tice vectors of graphene and TIS, respectively. t(k)
are the Fourier amplitudes of the tunneling potential
t(r) assumed to be a smooth function of r, the spa-
K'
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q2 q3
q1
q2
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q1q2
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q1
KA q1
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Figure 2. (Color online) Schematics of the graphene and TIS
BZs in an incommensurate structure formed from (a) a twist
(b) a lattice mismatch, with the corresponding qj vectors at
the K and K′ points.
tial separation between graphene and TIS atoms pro-
jected onto the interface plane. Given that the graphene-
TIS separation distance exceeds the interatomic dis-
tance in each material, the dominant tunneling ampli-
tudes of t(k) near the graphene DP are the ones with
|k| = KD ≡ |K|. This allows to restrict the sum over
{G1} to three vectors: g1(= 0), g2, g3, where the latter
two connect a valley with its equivalent first BZ corners.
For small wave vectors measured from the respective
DPs, we have Ht =
∑
p,τ,σ
∑3
j,l,···=1[Tτ,ja
†
p+qj ,σcp,τ,σ +
T ∗τ,lc
†
p+qj+q¯l,τ,σ
ap+qj ,σ+ . . . ], where Tτ,j = t′eigj ·dτ with
t′ ≡ t(KD)/
(√
3Ω1
)
, {qj} are the offset vectors between
the graphene DP and the three “nearest-neighboring” TIS
DPs, and q¯l ∈ {−qj}, as shown in Fig. 2. The repeated
action of the “nonlocal” coupling generates a k-space lat-
tice [20]. For a rotation angle θ, the separation between
the offset DPs is |qj | ≡ q = 2KD sin(θ/2), for the lattice
mismatch case, q = |δ/(1 + δ)|KD, Fig. 2.
For very small twist angles or lattice mismatches such
that the dimensionless parameter γ ≡ t′~v2q > 1, graphene
and TIS will be strongly coupled. However, when γ < 1,
a weak coupling theory is valid [12, 20, 22]. In this case,
to investigate the low-energy spectrum of graphene, we
can truncate the k-space lattice and obtain the Hamilto-
nian:
Hˆp =

Hˆg,Kp Tˆ
†
1 Tˆ
†
2 Tˆ
†
3
Tˆ1 Hˆ
TIS
q1+p 0 0
Tˆ2 0 Hˆ
TIS
q2+p 0
Tˆ3 0 0 Hˆ
TIS
q3+p
 , (4)
Tˆ1 =
(
t′ t′ 0 0
0 0 t′ t′
)
, Tˆ2 =
(
t′ t′e−i
2pi
3 0 0
0 0 t′ t′e−i
2pi
3
)
,
Tˆ3 =
(
t′ t′ei
2pi
3 0 0
0 0 t′ t′ei
2pi
3
)
.
A similar Hamiltonian is valid for the K ′ valley [49]. In
the absence of twist and mismatch, the system reduces
to the commensurate structure, giving rise to Tˆ = Tˆ1 +
Tˆ2 + Tˆ3, so that t′ = t/3.
Figures 3 (a)-(c) show the band and spin structure
around the K point for an incommensurate graphene-
TI heterostructure with γ = 0.2, t′ = 15meV and
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Figure 3. (Color online) (a) The band structure along the
path A-B-C-D-A indicated in Fig. 2(a). (b)-(d) show the spin
texture on the bands at different energies. E0 ≡ ￿v2q = t￿/γ.
K ￿-valley [49].
Figures 3 (a)-(c) show the band and spin structure
around the K-point for an incommensurate graphene-
TI heterostructure with γ = 0.2, t￿ = 15meV and
µ1 = µ2 = 0. The result for the K ￿-point is simply a 60◦
rotation of the former. The results of Fig. 3 show that:
(i) the original twofold spin degeneracy of the graphene
Dirac cone is completely lifted; (ii) of the two original
degenerate linear bands one is now fully gapped and the
other is no longer linear at the DP; (iii) the bands acquire
non-trivial in-plane spin textures. The key property of
graphene-TI heterostructures is that the features of the
bands structure and spin texture can be controlled via
the twist angle. By changing the value of θ, for fixed
t and energy, the distance between the Fermi pockets
shown in Fig. 3 (b) and (c), and their size, can be tuned.
In addition, the splitting of the low energy bands ∆ can
be controlled as shown in Fig. 3 (d).
In the presence of surface roughness and/or phonons
tunneling processes with finite momentum transfer are
allowed. We expect the effect of such processes to be
weak, however, to gain some insight, we consider the
case in which the tunneling amplitude has a Gaussian
profile with respect to the momentum transfer q: tq =
t0 exp
￿−|q|2/(2σ2)￿, where t0 characterizes the tunnel-
ing strength and σ the variance. To qualitatively under-
stand the effect of such processes, we study the case of an
isolated graphene Dirac cone separated by a large wave
vector Q from the closest TIS DP. Using the perturba-
tive approach outlined above, the proximity effect on the
Figure 4. (Color online) (a) Schematics of the induced spin
texture on graphene (right) from the TIS spin helix (left). (b)
Renormalized graphene bands (solid lines) for t0 = 100meV,
σ = 2k0, Spin-split gap (∆) as a function of t0 (c) and σ (d).
graphene spectrum is captured by the self-energy
ΣˆQ+p(iωn) = (Iα + σ
x
α)⊗￿
ΣSQ+p(iωn) e
−i(θQ+p−π2 )ΣAQ+p(iωn)
ei(θQ+p−
π
2 )ΣAQ+p(iωn) Σ
S
Q+p(iωn)
￿
(5)
with ΣS/AQ+p(iωn) =
t20Ω2
2π exp
￿
− |Q+p|2σ2
￿ ´∞
0
k exp
￿
− k2σ2
￿
×
I0/1(
2|Q+p|
σ2 k)G
S/A
k (iωn)dk, where In(x), n = 0, 1 are
the modified Bessel functions of the first kind. The form
of the phase factors in the off-diagonal spin components
of Σˆ implies an induced spin texture on graphene
with the spin perpendicular to the wave vector Q+ p,
Fig.4 (a). We find, Fig. 4(b), that also in this case
the spin degenerate bands are split and the remaining
gapless bands are no longer linear. Figures 4(c)-(d)
show the size of the gap between spin-split bands as a
function of t0 and σ, respectively.
In conclusion, we have studied the proximity effect of
a strong 3D TI on the low-energy spectrum of graphene
in commensurate and incommensurate structures as well
as in a case with surface roughness. To be able to take
into account the incommensurability we have developed
a continuos model. Using this model we have been able
to identify, both for commensurate and incommensurate
stacking, the spin and pseudospin structure of all the
hybridized bands and show that it is very unusual and
likely to affect transport measurements. We have also
shown that the enhancement of the SO coupling is in
general much stronger in BLG than graphene. In addi-
tion, we have shown that properties of these bands, and
their spin structures, can be substantially tuned by vary-
ing the relative rotation between the graphene’s and the
TI’s lattice.
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Figure 3. (Color online) (a) The band structure along the
path A-B-C-D-A indicated in Fig. 2(a). (b),(c) show the spin
texture on the bands at different energies. E0 ≡ ~v2q = t′/γ.
(d) Splitting (∆) of the low-energy bands as a function of
twist angle for t′ = 30 meV and t′ = 15 meV.
µ1 = µ2 = 0. The result for the K ′ point is simply a 60◦
rotation of the former. The results of Fig. 3 show that:
(i) the original twofold spin degeneracy of the graphene
Dirac cone is completely lifted; (ii) of the two original
degenerate linear bands one is now fully gapped and the
other is no longer linear at the DP; (iii) the bands ac-
quire nontrivial in-plane spin t xtures. Th key property
of graphene-TI heterostructures is that the features of
the band structure and spin texture can be controlled
via the twist angl . By changing the value of θ, for fixed
t′ and energy, the distance between the Fermi pockets
shown in Fig. 3 (b) and (c), and their size, can be tuned.
In addition, the splitting of the low-energy bands ∆ can
be controlled as shown in Fig. 3 (d).
In the presence of surface roughness and/or phonons
tunneling processes with finite momentum transfer are
allowed. We expect the effect of such processes to be
weak, however, to gain some insight, we consider the
case in which the tunneling amplitude has a Gaussian
profile with respect to the momentum transfer q: tq =
t0 exp
(−|q|2/(2σ2)), where t0 characterizes the tunnel-
ing strength and σ the varianc . To quali atively u -
derstand the effect of such processes, we study the case
of an isolated graphene Dirac cone separated by a large
wave vector Q from the closest TIS DP. With the use
of the perturbative approach outlined above, the prox-
imity effect on the graphene spectrum is captured by the
self-energy
ΣˆQ+p(iωn) = (Iα + σ
x
α)⊗(
ΣSQ+p(iωn) e
−i(θQ+p−pi2 )ΣAQ+p(iωn)
ei(θQ+p−
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2 )ΣAQ+p(iωn) Σ
S
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Figure 4. (Color online) (a) Schematics of the induced spin
texture on graphene (right) from the TIS spin helix (left). (b)
Renormalized graphene bands (solid lines) for t0 = 100meV,
σ = 2k0. Spin-split gap (∆) as a function of (c) t0 and (d) σ.
with ΣS/AQ+p(iωn) =
t20Ω2
2pi exp
[
− |Q+p|2σ2
] ´∞
0
k exp
[
− k2σ2
]
×
I0/1(
2|Q+p|
σ2 k)G
S/A
k (iωn)dk, where In(x), n = 0, 1 are
the modified Bessel functions of the first kind. The form
of the phase factors in the off-diagonal spin components
of Σˆ implies an induced spin texture on graphene
with the spin perpendicular to the wave vector Q+ p,
Fig.4 (a). We find, Fig. 4(b), that also in this case
the spin degenerate bands are split and the remaining
gapless bands are no longer linear. Figures 4(c) and (d)
show the size of the gap between spin-split bands as a
function of t0 and σ, respectively.
In conclusion, we have studied the proximity effect of
a strong 3D TI on the low-energy spectrum of graphene
in commensurate and incommensurate structures as well
as in a case with surface roughness. To be able to take
into account the incommensurability we have developed
a con inuous model. Using this model we have been able
to identify, both for commensurate and incommensurate
stacking, the spin and pseudospin structure of all the hy-
bridized bands and show that it is very unusual and likely
to affect transport measurements. We have also shown
that the enhancement of the SO coupling is in general
much stronger in BLG than graphene. In addition, we
have shown that properties of these bands, and their spin
structures, can be substantially tuned by varying the rel-
ative rotation between the graphene lattice and the TI’s
lattice.
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